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Abstract
The weak two-pion form factor F pipiV is described as the product of a weak kernel KW by a strong
function ΘPpipi, determined directly from pipi scattering data. As the latter accounts at once for all
effects associated with resonances, intermediate KK¯ loops, and other possible inelasticities present
in pipi scattering, the need of modeling is restricted to KW only. The procedure proposed allows one
to asses the weak kernel directly, which has a dominant cut beginning at the KK¯ threshold. Even
the simplest vector-meson-dominance choice for KW already yields a good qualitative description
of F pipiV . The energy sector below 0.8 GeV is quite well reproduced when a precise theoretical chiral
perturbation pipi amplitude is used as input, together with the single free parameter FVGV /F
2 =
1.20. The inclusion of kaon loops, along well established lines and using few parameters, produces
a good description of the form factor in the entire energy range allowed by τ decays. This indicates
that the replacement of modeling by direct empirical scattering information can also be useful in
the construction of theoretical tools to be used in analyses of hadronic heavy meson decay data.
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I. MOTIVATION
In the last decade, a considerable amount of precise data has been produced on the form
factor F pipiV , measured in the reactions e
+e− → ππ and τ → ππν[1–3]. This motivated a
corresponding theoretical effort, aimed at explaining the features found, which involve a
rich hadronic final state structure[4].
Final state interactions of the same kind also intervene in some D and B decays. They
may be more visible in ππ semi-leptonic modes, but also contribute to πππ and Kππ final
states, as well as to KKπ and KKK reactions, through ππ−KK¯ couplings. At present,
the large amount of data produced by the LHCb facility at CERN is allowing the precise
identification of a wide variety of multi-meson final states, which is instrumental for studying
CP violation[5]. On general grounds, theoretical descriptions of hadronic decays involve two
distinct sets of interactions. One of them concerns the primary weak vertex, in which a
heavy quark, either c or b, emits a W and becomes a SU(3) quark. As this process occurs
within the heavy meson, it amounts to the effective transition of a D or a B into a first set
of SU(3) mesosns. This is followed by purely hadronic final state interactions, in which the
mesons produced in the weak decay rescatter before being detected. As both weak and final
state interactions include several competing processes, the treatment of heavy-meson decays
into hadrons is necessarily involved.
As the extraction of data from Dalitz plots is complicated, experimental analyses tend to
rely on relatively simple guess functions, which do not distinguish primary weak vertices from
final state interactions. In fact, most groups employ just the so called isobar model, based on
sums of different Breit-Wigner functions, somehow inspired by free meson-meson structures.
However, at present, data acquired at LHCb have very high statistics, accurate partial wave
analyses are available, and existing guess functions prove to be no longer effective[6]. This
unsatisfactory situation imotivates the present work. In order to move forward, one needs
to understand how weak and strong interactions become entangled in decays containing two
final mesons.
The process τ → ππν is possibly the simplest laboratory for this kind of study, since
energies available are relatively high, the leptonic sector is well understood, and high-quality
data exist for the form factor F pipiV . As one is dealing with a two-pion decay, an important
part of hadronic final state interactions is encoded into the elastic ππ amplitude. In principle,
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consistent theoretical models must deal simultaneously with these two observables and, as
consequence, several parameters are required for good fits of both data sets. In the present
work, one shows that it is possible to eliminate the elastic ππ amplitude from the problem,
by describing the form factor F pipiV as the product of a weak kernel KW by a strong function,
determined directly from scattering data. This restricts both modeling an fitting efforts to
just KW , which can be reliably approximated by a real function up to 1 GeV.
In the next Sect., one isolates the weak kernel KW , relying mostly on topological argu-
ments, in Sect. III, tree-level fits are tested and, in Sect. IV, a simple model is presented,
which yields a satisfactory description of |F pipiV | data. Sect.V contains conclusions and, for
completeness, technical matters are summarized into three short Appendices.
II. VERTEX W → pipi
The dynamic structure of F pipiV is determined by a primary weak kernel and subsequent
strong final state interactions. Since this kind of separation is not born in nature, but part of
a theoretical strategy, there are many possibilities for defining these two complementary sets.
The two-pion system is prominent in this problem and it is convenient to isolate the on-shell
ππ elastic amplitde T Ppipi. Therefore, one defines the weak kernel KW as the set encompassing
all diagrams attached to the weak vertex which cannot be cut along two on-shell pion lines
only. This gives rise to a structure for the vertex W → ππ as in Fig.1, where the kernel
KW , represented by the small green hexagon, has cuts only above the ππ threshold. This
decomposition allows the part of F pipiV associated with the ππ amplitude to be treated in a
model independent way.
W+
pi 0
pi+
= +
pi
pi
FIG. 1: Structure of the W → pipi matrix element: the small green hexagon and the red blob
represent, respectively, the weak kernel KW and the on-shell elastic pipi amplitude TPpipi.
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The two-pion weak vertex is parametrized in terms of the form factor F pipiV as
〈π+(p1) π0(p2)|V µ|0〉 =
√
2 F pipiV (s) (p1−p2)µ , (1)
with s = (p2+p1)
2 and, in the isospin limit, this matrix element is exactly conserved. As
both KW and T Ppipi have internal substructures, it is convenient to organize their contributions
to F pipiV in terms of kernels and amplitudes. The former are represented by K and correspond
to diagrams which cannot be split into two parts by cutting two on-shell meson lines only,
whereas the latter, denoted by T , include kernels iterated by means of intermediate two-
meson propagators Ω¯. In the case of P -waves, both kernels and amplitudes are proportional
to (t−u) and one writes K = (t−u)KP and T = (t−u) T P .
The treatment of coupled channel amplitudes is traditional and has already been em-
ployed in ref.[7]. The basic kernels KPij are defined as: KP11 → [ππ ↔ ππ], KP12 → [ππ ↔ KK],
KP22 → [KK ↔ KK]. Together with the two-meson propagators Ω¯Pii , given in App.A, they
are used to construct amplitudes, as discussed in App.B. The ππ amplitude can be cast in
the usual form
T Ppipi =
KP11 + Ω¯PKK ||K||
1 + Ω¯Ppipi KP11 + Ω¯PKK KP22 + Ω¯Ppipi Ω¯PKK ||K||
.
||K|| = [KP11KP22−(KP12)2 ] , (2)
which is equivalent to the more compact expression
T Ppipi =
KPpipi
1 + Ω¯Ppipi KPpipi
,
KPpipi = KP11 −KP12
[
1−Ω¯PKK T P22
]
Ω¯PKK KP12 , (3)
where KPpipi becomes complex above the KK threshold.
The structure of F pipiV , as given in Fig.1, reads
F pipiV (s) = KW (s)
[
1− Ω¯Ppipi(s) T Ppipi(s)
]
, (4)
where KW is the weak kernel, to be discussed in the sequence. This result clearly indicates
that the form factor cannot be directly proportional to the scattering amplitude, as assumed
in many analyses of heavy-meson decay data. Using eq.(3), it can be rewritten as
F pipiV = KW ΘPpipi , (5)
ΘPpipi =
[
1
1 + Ω¯Ppipi KPpipi
]
. (6)
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The function ΘPpipi, already noticed in Ref.[8], can be related directly to the free ππ amplitude,
as discussed in App.C. It is determined just by the empirical phase shift δ and inelasticity
parameter η, as
ΘPpipi =
1
1− i tan θ
i tan θ =
[η2 − 1] + i [2η sin 2δ]
1 + η2 + 2η cos 2δ
. (7)
This is important because, being derived from experiment, this function accounts automat-
ically for all effects associated with pion loops, resonances, intermediate KK¯ loops, and
other possible inelasticities present in T Ppipi. This sector of the problem becomes then model
independent.
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FIG. 2: Moduli of the elastic P -wave pipi amplitude (T, blue) and of the function ΘPpipi, eq.(7),
(θ, red) based on data from Ref.[7]. The continuous curves (black) were obtained from the chiral
analysis of Ref.[9] and are valid up to 0.65GeV2.
In Fig.2, one shows the modulus of the elastic P -wave ππ amplitude, obtained from both
CERN-Munich data[7] and the low-energy analysis by Colangelo, Gasser and Leutwyller
(CGL)[9], which holds up to 0.65GeV2, together with the corresponding predictions for
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|ΘPpipi|, given by Eq.(7). One notes that the latter departs from 1 at threshold and displays
resonances as dips, instead of bumps. This feature may prove to be instrumental to data
analyses of other decay processes involving two-pion final states.
As both F pipiV and Θ
P
pipi can be extracted from experiment, Eq.(5) allows one to isolate
direct empirical information about KW . One finds, in Fig.2, that ΘPpipi vanishes at the ρ-
pole, whereas tree-level models for KW involve a bare ρ propagator. This suggests that
it is convenient to consider the regular combinations [KW/Fρ] and [FρΘPpipi] , where Fρ =
1/[1 − s/m2ρ] is the usual vector-meson-dominance (VMD) form factor[10, 11]. The ratio
|KW/Fρ|, obtained by using Belle data[3] together with the ΘPpipi from Fig.2, is given in Fig.3.
It oscillates around the ρ-pole, owing to numerical mismatches between different choices for
mρ in the inputs used, has a roughly linear growth from threshold up to s = 1.8Gev
2 and
a pronounced dip, with a minimum around 2.4GeV2.
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FIG. 3: Modulus of the weak kernel, eq.(5)multiplied by [1− s/m2ρ], using either data from Ref.[7]
(red squares) and the chiral analysis of Ref.[9] (continuous black line), which is valid up 0.65GeV2.
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III. TREE-LEVEL RESULTS
The leading tree contributions to KW read
[KW ]tree =
[
1− FV GV
F 2
s
s−m2ρ
]
, (8)
using the notation of Ref.[11]. The choice FV GV /F
2 = 1 yields the usual VMD expression
and corresponds to the minimal prediction for F pipiV , displayed in Fig.4, together with Belle
data[3]. These curves are interesting because they show that FρΘ
P
pipi is largely dominant for
s < 1 GeV2 and still quite significant over the entire range of energies considered. This
indicates the extent of the overlap between F pipiV and ππ effects encoded into final state
interactions. Moreover, the relatively small deviations between both sets of points provide
a model independent indication of missing weak kernel structures.
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FIG. 4: Moduli of the Belle[3] form factor (Belle, black) and the factor |ΘPpipi/(1 − s/m2ρ)| , eq.(7),
(θ, red), based on data from Ref.[7].
One considers the low-energy region in Fig.5, and compare Belle data[3] with predictions
based on the chiral ππ amplitude by Colangelo, Gasser and Leutwyller( CGL)[9], using the
value FV GV /F
2 = 1.20 in Eq.(8), which ensures the coincidence with the datum for |F pipiV |
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at the closest point to the ρ-mass. This choice is not far from the determination made in
Ref.[12]. The agreement between Belle points and predictions from the CGL chiral analisis,
which relies on a single free parameter, is quite good.
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FIG. 5: Moduli of the Belle[3] form factor (black) and model results using CERN-Munich data
[7] (red) and the chiral analysis of Ref.[9] (contnuous blue curve); the curve was drawn by using
CGL results at energies where data exists and interpolating them by means of straight lines, just
to guide the eye.
IV. A SIMPLE MODEL
In this work, one is interested in the structure of final state ππ interactions which occur
in a broad class of weak decays, and does not aim at a very precise description of |F pipiV |,
which could compare with those produced by experts[4]. In the region s > 1 GeV2, one
considers just a simple model for KW , suggested by Fig.3 and given in Fig.6, which includes
well known tree-level[10, 11] and coupled channel interactions. Contributions from loops
involving virtual pions, assumed to be small, are excluded. Using the conventions of Ref.[11]
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FIG. 6: Model for the weak kernel, involving kaon loops and both ρ and other vector mesons.
and two vector mesons, the tree term is given by
[KW ]tree =
[
1− FV GV
F 2
s
s−m2ρ
− α s
s−m2v
]
, (9)
where α and mv are free parameters. This allows the four kaon-loop terms of Fig.6 to be
written as
[KW ]loop = − 1√
2
[KW ]tree
×
[
1− Ω¯PKK
KP22
1 + Ω¯PKK KP22
]
Ω¯PKK KP12
= − 1√
2
[KW ]tree
[
Ω¯PKK KP12
1 + Ω¯PKK KP22
]
(10)
The weak kernel is given by the sum of eqs.(9) and (10) and reads
[KW ]model = [KW ]tree
[
1− 1√
2
Ω¯PKK KP112
1 + Ω¯PKK KP22
]
. (11)
The SU(3) relation KP12 =
√
2KP22 yields
[KW ]model = [KW ]tree ΘP22 ,
ΘP22 =
[
1
1 + Ω¯PKK KP22
]
. (12)
As there are no data for KP22, one assumes a form inspired by chiral symmetry[10, 11]
KP22 =
1
2F 2
[
1− β s
s−m2v
]
, (13)
where β is another free parameter. This, together with the two-kaon propagator, eq.(A5),
determines the model, given by the product of eq.(13) by the empirical ΘPpipi, which reads
[F pipiV ]model = [KW ]model ΘPpipi
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=[
1− FV GV
F 2
s
s−m2ρ
− α s
s−m2v
]
ΘP22 Θ
P
pipi . (14)
One compares the model with Belle data[3], by determining ΘPpipi from CERN-Munich
ππ results[7] and keeping the choice FV GV /F
2 = 1.20 , made earlier. The other thee
parameters, namely α = 0.01081 , β = 0.79374 , and mv = 1.5491GeV were obtained by
fitting central values of C-M data to interpolated central Belle data. This procedure for
fitting a data set to another one is definitely not precise and is aimed just at producing
a visual feeling for the model properties. Complete result is given in Fig.7 and, given the
crudeness of the model, the overall agreement can be taken as satisfactory. Results at the
high-energy end are shown in Fig.8, where one notes both a small mismatch around 1.9GeV2
and a zero for the model, just above 2.6GeV2.
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FIG. 7: Moduli of the Belle[3] form factor (black) and model results using CERN-Munich data [7]
(red) and the chiral analysis of Ref.[9] (contnuous blue curve).
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FIG. 8: Moduli of the Belle[3] form factor (black) and model results using CERN-Munich data [7]
(red).
V. CONCLUSION
This work regards the structure of final state interactions in weak decays involving a
two-pion channel. With this purpose in mind, one studies the relationship between the
weak two-pion vector form factor, measured in τ → ππν, and free elastic ππ scattering.
On general topological grounds, contributions to F pipiV can be decomposed into two sets
of Feynman diagrams, associated respectively with a primary weak kernel and hadronic
final state interactions(FSI). One has chosen the latter to describe T Ppipi, the observable ππ
amplitude, and this determines the weak kernel. As the final pions can be produced either
directly from KW or after rescattering, the decay amplitude is necessarily determined by
the sum of these two kinds of contributions, as in Fig.1 and eq.(4). An important feature
is that, in this sum, the relative weight of each term is unambiguously fixed by theory.
The scattering amplitude, in turn, can be written as the sum of a Dyson series, involving
complex interaction kernels KPpipi and two-pion propagators Ω¯Ppipi. This allows both direct
and FSI contributions to F pipiV to be incorporated into a compact dimensionless function
11
ΘPpipi, which is determined directly from scattering data. This means that all substructures
present in the ππ amplitude, such as resonances and inelasticities, are automatically included
into the calculation.
The minimal prediction for F pipiV , given by the product FρΘ
P
pipi, where Fρ is the ρ-meson-
dominance form factor, is largely dominant, as shown in Fig.4. The more general expression
F pipiV = KW ΘPpipi, eq.(5), describes a conceptual separation between weak kernel and final state
interactions, which could easily be extended to heavy-meson decay processes. Moreover, as
both F pipiV and Θ
P
pipi can be extracted from experiment, one can isolate empirical information
about KW , as indicated in Fig.3. This has a practical implication because, if one chooses
to fit F pipiV directly, for consistency, one must also fit the associated ππ scattering amplitude.
The overlap between both observables is substantial, as can be inferred from Fig.4, and so
is the amount of double fitting. The decomposition proposed here suggests that the fitting
process could be restricted just to KW , which has a much simpler structure, owing to the
absence of the two-pion cut.
Chiral perturbation theory is possibly the best theoretical framework for treating the
form factor below 1 GeV. As shown in Fig.5, a ΘPpipi based on the precise CGL chiral ππ
amplitude[9], together with a single free parameter in KW , fixed at FVGV /F 2 = 1.20 ,
gives rise to a very good prediction for |F pipiV | in this region. Higher energies can also be
encompassed reasonably well, as indicated by Fig.7, by means of simple model, discussed in
Sect.IV.
In the study of hadronic heavy-meson decays, analyses of experimental data usually em-
ploy, simultaneously, both non-resonant and resonant guess functions. In terms of Feynman
diagrams, the former amount to weak kenels, whereas the latter include both the same weak
kernels and meson-meson final state interactions. However, in most works, non-resonant and
resonant components are parametrized independently, whereas results presented here indi-
cate that they must match precisely and be written as products of weak kernels by functions
Θ , suitably adapted to each channel involved. Theoretical tools of this kind could reduce
the amount of fitting needed and prove to be more rewarding. This possibility is presently
being explored.
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Appendix A: two-meson propagator
Results presented here are conventional and displayed for the sake of completeness. One
deals with P waves and the corresponding two-meson propagator is associated with the
integral
Iµνaa = S
∫
d4ℓ
(2π)4
ℓµℓν
D− D+
,
D± = (ℓ−q/2)2 ±M2a , (A1)
where S = 1/2 is the symmetry factor, and its Lorentz structure reads
Iµνaa = g
µν A+ qµqν B . (A2)
Multiplying both eqs.(A1) and (A2), successively by 2qµ and by gµν , using 2q · ℓ = D+−D−,
ℓ2 = − (q2/4−M2a ) + (D+ +D−)/2, and equating results, one finds the conditions
A+ q2B = Ia/2 ,
4A+ q2B = −(q2/4−M2a ) Iaa + Ia ,
Ia =
∫
d4ℓ
(2π)4
1
ℓ2 −M2a
,
Iaa = S
∫
d4ℓ
(2π)4
1
D− D+
,
which yield
Iµνaa =
[
gµν − q
µqν
q2
] [
−1
4
(
q2 − 4M2a
) Iaa
3
+
Ia
6
]
+
qµqν
q2
Ia
2
. (A3)
The integrals in this result can be evaluated using dimensional techniques[10] and read[13]
Ia = −i M
2
a
16π2
[
R + ln
M2a
µ2
]
Iaa = − i
16π2
[
R + ln
M2a
µ2
+ 1
]
− i Ω¯aa ,
13
where R is a function of the number of dimensions n, which diverges in the limit n→ 4[13],
µ is the renormalization scale, and Ω¯aa a the regular function which, for q
2 ≥ 4M2a , has the
form
Ω¯aa = − 1
32π2
{
2−
√
q2−4M2a
q2
ln
[
q2 − 2M2a +
√
q2(q2−4M2a )
2M2a
]
+ i π
√
q2−4M2a
q2
}
.(A4)
In the renormalization process, the divergent factors R are replaced by undetermined con-
stants. However, there is no need to face this problem here, since one is concerned just
with on-shell contributions to the propagator, associated with its imaginary part. This
corresponds to the approximation
Iµνaa =
i
4
[
gµν − q
µqν
q2
]
Ω¯Paa ,
Ω¯Paa = −
i
96π
[q2−4M2a ]3/2√
q2
. (A5)
Appendix B: kernels and amplitudes
The use of coupled channels in meson-meson scattering is traditional and one just sum-
marizes main results, in order to set the notation, which is close to that used in Ref.[7]. One
employs three basic kernels, represented as follows: K11 → [ππ ↔ ππ], K12 → [ππ ↔ KK]
and K22 → [KK ↔ KK]. They are defined as sets of proper Feynman diagrams, in the
sense that they cannot be split by cutting two on-shell meson lines only. In the case of
P -waves, they are proportional to (t−u) and one writes Kij = (t−u)KPij. The iteration of
these kernels, using the two-meson propagators given in App.A, yields diagonal amplitudes,
written as
T Pii =
KPii
1 + Ω¯Pii KPii
, (B1)
with i = 1, 2. The full ππ elastic amplitude includes ππ − KK oscillations and has the
typical coupled channel form, given by
T Ppipi =
KPpipi
1 + Ω¯Ppipi KPpipi
,
KPpipi = KP11 −KP12
[
1−Ω¯PKK T P22
]
Ω¯PKK KP12 . (B2)
Using eq.(B1), one also has
KPpipi = KP11 −
KP12 Ω¯PKK KP12
1 + Ω¯PKK KP22
, (B3)
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where KPpipi becomes complex above the KK threshold. This gives rise to the usual form
T Ppipi =
KP11 + Ω¯PKK ||K||
1 + Ω¯Ppipi KP11 + Ω¯PKK KP22 + Ω¯Ppipi Ω¯PKK ||K||
,
||K|| = [KP11KP22−(KP12)2 ] . (B4)
In models based on chiral symmetry, the kernels Kij are given by a leading contact
interaction[10], supplemented by resonances[11]. At low energies, below
√
s ∼ mρ, processes
involving tree level contact and resonance interactions provide good guidance for the mag-
nitude of interactions. In that region, kernels are real and, in the framework of SU(3), one
has the relationship
KP11 =
√
2 KP12 = 2KP22 . (B5)
Appendix C: function ΘPpipi
The evaluation of the form factor, eq.(5), requires the function ΘPpipi = 1/[1 + Ω¯
P
pipi KPpipi].
The relevant kernel is obtained by inverting eq.(B2), and one has
KPpipi =
T Ppipi
1− Ω¯Ppipi T Ppipi
. (C1)
The amplitude T Ppipi is related to its non-relativistic counterpart tpipi , used in phase shift
analyses, by[10]
T Ppipi = 96π
[
s
(s−4M2pi)3
]1/2
tpipi , (C2)
with
tpipi =
1
2i
[
η e2iδ − 1] = tan θ
1− i tan θ ,
θ = δ − i ln√η . (C3)
Using these results, together with eq.(A5), into eq.(C1), one finds
Ω¯Ppipi KPpipi = −i tan θ , (C4)
and hence,
ΘPpipi =
1
1− i tan θ ,
i tan θ =
[η2 − 1] + i [2η sin 2δ]
1 + η2 + 2η cos 2δ
. (C5)
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